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PROJECTIVITY OF COMPLETE MODULI

JANOS KOLLAR

1. Introduction

The aim of this paper is to continue developing a method to prove
the projectivity of certain moduli spaces. Classically there have been two
approaches to this problem. Mumford’s geometric invariant theory was
specifically designed with this aim in mind, and Griffiths’ period maps can
be used in a similar manner in certain cases.

The approach of [20] and [22] starts with the observation that it is
fairly easy to construct moduli spaces which are a priori only algebraic
spaces. Frequently these spaces come endowed with a natural line bundle,
and one might hope to check that this line bundle is ample. If the moduli
space is proper, then ampleness can be checked using the Nakai-Moishezon
criterion.

Assume for simplicity that we have a smooth family of algebraic va-
rieties f: X — Y, and that for every fiber X, the canonical line bun-
dle w X, is very ample The natural line bundles on Y are the bundles

A, = det f (w) /Y) . From Hodge theory one has a natural metric with posi-
tive semidefinite curvature on f, (w, /Y) ; hence 4, is at least nonnegative.
To get something strictly positive one can consider the multiplication map

k

S (f@yyy)) = £(@y).

where S* denotes the & th symmetric power. At each y € ¥ the kernel
of this map is exactly the space of degree k equations satisfied by the
canonical image of the fiber X, . Thus one can recover the fibers from
these maps. Using the curvature form on f, (w, /Y) , this leads to the am-
pleness of A, for k large [22, 6.14]. Moreover, the method works even if
f 1s only generically smooth, but breaks down when applied to the bound-
ary of the moduli space where f, (@, /Y) is only an extension of bundles
with natural metrics. For curves these difficulties can be circumvented,
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though the arguments are very artificial. This leads to a new proof of the
projectivity of the moduli space of stable curves (unpublished).

Recently Viehweg [34] realized that the method of the hard covering
trick (cf. [33], [22]) can be used more effectively to exploit the multipli-
cation map. This eliminates the necessity of curvature considerations,
making the proof more general and considerably simpler. He applied this
in the context of geometric invariant theory and proved that the smooth
locus of the moduli space of surfaces of general type is quasi-projective
[34].

Here a different version of the same idea is used. For the applications
it has the advantage that it relies less on resolution of singularities, and
therefore it is applicable in positive characteristic or even over Z. The
precise formulation of the projectivity criterion is given in Lemma 3.9.

Among the assumptions necessary for this result, the condition on “semi-
positivity” is the most restrictive. This is checked in some cases in §4—first
for curves in any characteristic (Theorem 4.3) and then for stable surfaces
in characteristic zero (Theorem 4.12). These results are combined in §5 to
give a new proof of the projectivity of the moduli of stable curves over Z.
The moduli problem of stable surfaces is separated and satisfies the valua-
tive criterion of properness [23, Chapter 5]. However, it is not known to be
bounded, and thus we prove projectivity only for the proper subvarieties
(conjecturally everything).

In §6 the compactified Picard schemes defined by Altman and Kleiman
[1] are considered. This is the moduli space of torsion free rank one
sheaves. ‘We prove that they are projective under some mild conditions
(Theorem 6.4).

For noncomplete moduli spaces the method of Viehweg [34] using “weak
positivity” is much better. Even in that case however it is simpler to avoid
using geometric invariant theory and applying his techniques directly to
the moduli space instead of the Hilbert scheme. The reader familiar with
his article should have no problem combining the two methods.

I would like to thank E. Viehweg for pointing out several inaccuracies.

Notation and conventions. The notation and terminology follow Hart-
shorne’s book. There are three notions that are standard in higher dimen-
sional geometry which may not be generally known.

1. A line bundle on a scheme (or algebraic space) is called nef if it has
nonnegative degree on any complete curve. This is usually used only if the
underlying space is proper.

2. A line bundle L on an irreducible scheme X is called big if the
following equivalent conditions are satisfied:
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(i) h°(x, L™) > constant - m*™¥ for m > 0;
(ii) for any divisor H there is an m > 0 such that mL is linearly
equivalent to H + E, where E is effective.
3. A vector bundle E on a scheme (or algebraic space) X is called
semipositive if for every smooth complete curve C and everymap f: C —
X, any quotient bundle of f“E has nonnegative degree (see also 3.3).

2. Projectivity criterion

First we set up axiomatically the type of moduli problems that we will
be able to handle. The guiding principle is that this class should contain
the (compactified) moduli problem for surfaces of general type.

We will work over a fixed algebraically closed field K .

2.1. Moduli problem for Q-polarized varieties.

2.1.1. First we specify the objects which we want to parametrize. This
will be a class & consisting of pairs (X, L) satisfying the following as-
sumptions:

X is projective and satisfies Serre’s condition S, .

L is a reflexive sheaf on X which is locally free in codimension
one.

L is ample; i.e., for some > O the sheaf L' s locally free
and ample, where as usual [7] denotes the double dual of the rth tensor
power.)

2.1.2. The class % is said to be open if the following condition is sat-
isfied:

For any pointed scheme s € S, any scheme X/S flat over S, and any
sheaf L/X that satisfy the following three conditions:

(i) (X, LIX,)€F,

(ii) L™ is flat over S for any k >0,

(iii) (L|1x,)™ = L¥|x, for every k,
there is an open set s € U C § such thatif u€ U then (X, L|X,) €7 .
(Condition (iii) is specifically put here because it is the right condition for
surfaces.)

2.1.3. The moduli functor # € associated to % is the following func-
tor:

Given a scheme S, .# #(S) is the set of all pairs (X, L), where X
is a flat and proper scheme over S, and L is a reflexive sheaf on X
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such that for every closed point s € S the conditions of 2.1.2 are satis-
fied. Two such pairs (X, L) and (Y, M) are said to be equivalent if
there is an isomorphism f: X/S — Y/S which induces an isomorphism
(X,, ["M|X,) = (X,, L|X,) for every s € S. (Note that usually one re-
quires only that /M |X; and L|X, be numerically equivalent. Requiring
isomorphism makes things technically easier though it gives a slightly too
large moduli functor.)

If all the X are reduced and connected, then the equivalence condition
can be reformulated as follows: Two such pairs (X, L) and (Y, M) are
said to be isomorphic if X/S = Y/S and there is a line bundle B on S
such that L = n*B® M , where n: X — S is the structure map.

2.1.4. The function Hy L)(t) =y(X, L[’]) is called the Hilbert function
of (X, L). Given a family (X, L) € # Z(S) the Hilbert function of the
fibers is locally constant. Thus if we decompose the class # into subclasses
of pairs having the same Hilbert function, then the moduli functor of %
becomes the direct sum of the moduli functors of the subclasses. Hence
for most purposes it is sufficient to study classes with constant Hilbert

function. Then we call H(¢) = Hy 1)(#) the Hilbert function of .

2.1.5. The moduli functor .# & associated to & is said to be separated
if the following condition is satisfied:

Given the spectrum 7 of a DVR and two pairs (X;, L;,) € #&(T)
(i =1, 2), every isomorphism of (X, L) and (X,, L,) over the generic
point of 7 extends to an isomorphism of the pairs over T .

(This condition also might be called properness of the relation “isomor-
phism™.)

2.1.6. The moduli functor .# % associated to % is said to be bounded
if there is a scheme of finite type S and a pair (X, L) € .# (S) such
that for every (X, L) € .# % (SpecK) there is a point s € S such that
(X, L) and (X, L|X|) are isomorphic.

2.1.7. If a moduli functor is bounded, then there is a (nonunique) par-
ticularly nice choice of the above scheme S. Let H(f) be the Hilbert
function of % . By boundedness one can choose a fixed N such that for
every (X, L) € .# % (SpecK) the sheaf L™ g locally free, very am-
ple, and without higher cohomologies. Let P be the projective space of
dimension H(N) — 1 with fixed coordinate system.

Let H be the Grothendieck-Hilbert scheme of P parametrizing closed
subvarieties of P and a sequence of N coherent sheaves on them. If
we embed (X, L) via the global sections of A% , then the images are
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subvarieties with Hilbert polynomials H(N¢), and the sheaves LY =
1,---, N, have Hilbert polynomials H(i+ Nt). Thus there is a quasipro-
jective open subvariety HC of the Grothendieck-Hilbert scheme of P
which parametrizes exactly the images of the pairs (X, L) € ./# #(SpecK)
under the imbedding given by a choice of basis in L™ There is a so-
called universal family X over HC. A priori our conditions guarantee
only that the sheaves L' are flat for i =1 ,--- , N. However since s
is locally free, we have LM ~ [l g [ IV] , and therefore all the sheaves
LY are flat over HC.

Furthermore, if (X, L) € £ %(Z) and f: X — Z is the structure
map, then f*L[N Vis locally free and we get an embedding of (X, L) into
Proj, f*L[N] . Replacing Z with an open cover J U;, we may assume that
f*L[N] is in fact free. Fixing a basis in the space of sections then gives a
map U; — HC for every i such that the original family over U; is just
the pull-back of the universal family over HC.

2.1.8. The class # is said to be complete if given the spectrum T of
a DVR with general point T, and (X, ,L,,) € # #(T,,), there is
a finite cover g: " — T and a pair (X', L) € # & (T’) such that

(X', LT and g*(Xgen, L. ) are isomorphic.

gen gen)

2.1.9. If an algebraic space MC coarsely represents the functor .Z %
(see [27, p. 99]), then MC is called the coarse moduli space of the class
% . In terms of the space HC the moduli space can be obtained as the
quotient by the equivalence relation “isomorphism” (if it exists).

2.1.10. We say that & has tame automorphisms if every pair (X, L)
in & has a compact and reduced automorphism group. In fact, since L
is ample this implies that the automorphism groups are finite and reduced.

A fairly general existence theorem essentially due to Artin is the follow-
ing [3, 6.3] (cf. also [27, p. 172] or [20, 4.1.1]).

2.2. Theorem. Let & be an open class with Hilbert polynomial H(t).
Assume that the corresponding moduli problem is separated (resp. sepa-
rated and bounded, resp. separated, bounded, and complete). Assume fur-
thermore that % has tame automorphisms. Then there is a separated al-
gebraic space MC locally of finite type (resp. of finite type, resp. proper)
which coarsely represents the functor # & .

Before formulating the main result we need some more definitions.

2.3. Definition. The moduli functor .# & associated to % is said to
be functorially polarizable if the following condition is satisfied:
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Forany S and (X, L) € .# Z(S) there is a pair (X, L) € # Z(S)
(note that X is unchanged!) such that

(i) if (X, L) and (Y, M) are equivalent, then (X, L°) and (Y, M*)
are 1somorphic;

(11) for any base change g: S — S, we have an isomorphism g* (X, L)
=(g"X, (g'L)).

If the condition is satisfied, then L is called a functorial (or canonical)
polarization of X/S. If the choice of L° is specified, then we say that
# % is functorially (or canonically) polarized.

There are several examples of functorially polarizable moduli functors.

231 If LIX, = w, forevery s €S, then L= Wy/s is a canonical
polarization. ’

2.3.2. If the moduli functor under consideration is such that every fam-
ily (X, L) e # #(S) has a natural section g: S — X, then we can take
L =L® (a’“L)_1 . This applies for instance for polarized abelian varieties
or the moduli of polarized pointed varieties.

2.3.3. Essentially every bounded moduli functor parametrizing reduced,
projective, and connected schemes admits a functorial polarization. To see
this choose an 7 > 0 such that for every (X, L) we have H'(X, L®") =
0 for i > 0. Thus k = hO(X s L®m) is independent of the choice of
(X, L). Nowgivenany (X, L) € . # #(S) with structure map f: X — S
consider the line bundle L° = L* ® (det /‘",‘(L‘g”’))_l . If L is changed to
L® "B, where B is a line bundle on S, then (L ® f*B)‘ = L°. Thus
L is a functorial polarization of the moduli functor

H'E(S) = {(X, LX, L) e#FS)).

This is essentially the same functor as the one we had before.

2.4. Definition. The functorial polarization of the moduli functor
M E associated to % is said to be semipositive if the following condi-
tion holds:

There is a fixed k; such that whenever C is a complete smooth curve
and (X, L) 6%9”( ) with structure map f: X — C, then forall £ >k,
the vector bundle f ((L* )[k]) is semipositive on C .

2.5. Line bundles on moduli spaces. Given a functional polarization of
the moduli functor .# %, and (X, L) € # #(S) defines a series of line
bundles on S for k > 0 via 4,(X) = det(f,(L"))). These line bundles
are clearly functorial. Because of the presence of automorphisms, they do
not descend to the moduli space MC, but if the functor is bounded and
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Aut(X, L) operates on det(HO(X , L[k])) through a finite quotient, then
l,iv descends to a line bundle on MC for sufficiently divisible N. Thus
A, exists as a Q-linebundle on MC.

The following is the main result of this section.

2.6. Theorem. Let & be an open class of Q-polarized varieties with
Hilbert function H(t). Assume that the corresponding moduli functor is sep-
arated, functorially polarized, semipositive, and has tame automorphisms.
Then A, is ample on every complete subspace of MC for k sufficiently
large. In particular, if € is also bounded and complete then MC is
projective.

Proof. It is somewhat inconvenient that the line bundle 4, is not de-
fined directly on MC. To get around this problem, for any given proper
subspace Z C MC we will find a scheme Y, a family (X, LYe # Z(Y),
and a finite and surjective map p: Y — Z such that for any y € Y the
moduli point of the pair (X,, L|X,) is exactly p(y). Thus A, (X)" =

p*(l,f). Since Z and Y are proper, the ampleness of l,iv is equivalent
to the ampleness of A, (X) (see 3.11). Thus it is sufficient to prove that
4, (X) isample on Y.

2.7. Proposition. Let & be an open class of Q-polarized varieties with
Hilbert function H(t). Assume that every pair (X, L) has a finite auto-
morphism group. Let Z be a subspace of finite type of MC. Then there is
a scheme of finite type Y , a family (X, L) € # F(Y), and a finite and
surjective map p: Y — Z such that forany y € Y the moduli point of the
pair (X, L|Xy) is exactly p(y).

Proof. 1t is sufficient to prove this for irreducible subspaces. MC has
an open subspace of finite type that contains Z . Replacing & by the
subfamily given by this subspace we get a new functor which is bounded.
Thus we can assume that we start with a bounded moduli functor.

As a first step we will find an algebraic space Y’ with the required
properties.

Let HC be the corresponding Hilbert scheme parametrizing the em-
beddings of elements of & into P with the universal family X,.. We
have a natural map m: HC — MC. Let H, be the preimage of Z under
m. Let H, be the normalization of H,, and let X/H, be the universal
family over H, .

Given any z € Z one can take a subvariety U. ¢ H, of dimension
dim H, — dim m~'(z) which intersects m—'(z) in at least one isolated
point. One can also assume, by shrinking U_, that U. is irreducible and
that m: U, — Z is quasifinite. By construction we also have a specified
family over U_. Finitely many of the U_ cover Z; let them be U;. The
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function fields C(U;) are finite extensions of C(Z) and we can consider
their composite F. If Y, denotes the normalization of Z in F, then
there is an open cover V; of Y, and finite and surjective maps p;: V, —
U;. Via these maps we can pull back the families to get (X l' , L;.) /V;. By
this construction the V, are quasiprojective, thus Y, is a scheme.

Over V,NV; wehave two families: (Xl{, L;)lViﬂVj and (XJ'. , L})IViﬂVj .
We define a space Iso(Y)), : representing the isomorphism functor as fol-
lows. This is the subset of ¥, N Vj x AutP consisting of pairs (y, g)
such that g(m,(y)) = m(y). The fiber of the natural map Iso(Y,);; —
v.n VJ over y is a principal homogeneous space over the automorphisms
of (Xy, Ly) . It is also a closed subvariety of the linear group AutP,
thus it is finite. The separatedness of the moduli problem implies that
Iso(Y));; — V; NV, is proper, and thus finite. Let Iso( Yl)fj be the union
of the components that dominate ¥;N VJ and let Iso(Yl):.'j be a compact-
ification of Iso(Yl);’j which is finite over Y, .

Let now Y’ be a component of the normalization of the fiber products
of all the spaces Iso(Yl);; that dominate Y, . It has a natural map onto
Y, and let W, be the preimage of V. We also have the pull-back families
(X;, L,)/W,. Let Yg'e . be the generic point of Y’ , it is also a generic point
of W,n WJ . By construction any isomorphism of

(X;, Li)ng and (Xj, LJ.)|Xg

en en

extends to an isomorphism of
(X;, LHIw;n w, and (Xj, Lj)IWl.ﬂ w.
Now fix an i/ and for every j # i pick an isomorphism of
(X;, L)W, n W, and (Xj, Lj)|Wir1 w,.
For every j and j’ this determines an isomorphism of
(Xj, , Lj,)|Wj, N WJ and (Xj, Lj)[Wj, N WJ

Using this set of isomorphisms we can patch together the families (X, L)
to a single family over Y’. It clearly has the required properties.

The following lemma completes the proof of 2.7. The author heard it
first in a lecture of M. Artin.

28. Lemma. Let Z' be an algebraic space of finite type. Then there is
a scheme Z and a finite and surjective map p: Z — Z'. If Z is normal
and irreducible, then one can choose Z and p such that p is the quotient
map by a finite group action.
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Proof. We can normalize Z' and therefore it is sufficient to prove the
second part.

Let p;: U; — Z' be an affine étale covering of Z', and Z be the
normalization of Z' in the Galois-closure of (k(U ):i=1,...). Then
we have p: Z — Z' and the required group action. Given any z' € Z'
there is at least one point z € Z such that z — z' € Z' factors through
z — U; — Z . Thus z has a neighborhood which is a scheme. By the group
action any point in p_1 (z) is such. This shows that Z is a scheme.

2.9. Proof of 2.6. Consider the family f: X — Y with a relatively
ample line bundle L constructed in 2.7. Now choose integers & and J
satisfying the following properties:

(1) LF is f-very ample,
(i) Rf(L*™)=0 for i, j>0,
(iii) every fiber X, embedded via Lk|Xy is defined (set theoretically)
by degree < j equations,
(iv) the multiplication map S’(f. (L)) — £.(L’*) is surjective.

We claim that under these assumptions det f, (L Lx/ ) isampleon Y.

We will check the conditions of the Ampleness Lemma 3.9.

To set notation let ¥ = f,(L*). Let p = §’; then W = S/(£.(L")).
For the quotient bundle we take f*(LJ } via the multiplication map given
in (iv).

V' is semipositive by assumption and p is also semipositive. The clas-
sifying map (3.8) is finite by the following reason.

For every y € Y, HO(Xy, Lk |Xy) embeds Xy 10 a projective space;
call it P,. Then H°(X,, L*|X)) = H(P,(#(1)) in a natural way and

S/(H X L"|X = H%(P,, #(j)). Thus the multiplication map at the
point y 1s the same as the restriction map

m: S’H'(P, (1) = H'(B,, #(j)) — H'(X,, F()|X,).

The kernel of this map is exactly the set of degree j equations of X - By
assumption (iii), Xy is defined by degree j equations, and therefore X )
can be recovered from the kernel of the multiplication map . Thus the
classifying map has finite fibers since these fibers are exactly the same as
the fibers of the map p: ¥ — MC which is finite by construction. Hence
det L(Lj k) is ample, and the proof of 2.6 is complete.

2.10. Remark. One can easily see that condition (iv) is in fact not
necessary, but it makes the proof simpler.
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3. The ampleness lemma

In this section we prove the ampleness lemma that was used in the
proof of 2.6. We try to formulate and prove a fairly general version which
will hopefully be useful in similar situations. Therefore we start with
a general discussion about semipositive vector bundles and semipositive
representations of linear groups. Everything at the beginning is known to
experts but the author does not know of any convenient reference.

3.1. Definition. (i) Let G = X,GL(E;) be a product of general lin-
ear groups. A representation p: G — GL(F) is called semipositive (or
polynomial) if it extends to a morphism p: X ,End(E;) — End(F).

3.2. Examples. (i) Tensor products, symmetric products, exterior prod-
ucts, and direct sums are semipositive. Quotients and subrepresentations
of semipositive representations are semipositive.

(ii) If * denotes the dual representation, and p is semipositive, then
xpx 1s also semipositive. This is interesting mainly in characteristic p.

(iii) If p, is a representation of G,, then p,®p, , as a representation of
G, x G, , is semipositive iff the p; are semipositive. Thus in characteristic
zero one has to know only the irreducible semipositive representations of
GL(E), which are exactly the subrepresentations of tensor products and
the trivial representation.

(iv) Let V|, --- , V, be vector bundles with typical fibers E; and let p
be any representation of G. One can define a vector bundle p(V,, --- , V))
as follows. If the V] are defined by transition functions gl’.k (in the same
covering), then we construct a new bundle whose t;pical fiber is ¥ and
has transition functions p( gjlk, cee j’?k). Clearly, p(V|,---,V,) has
structure group G.

(v) Assume that in (iv) every ¥ is a direct sum of line bundles 3 L
Then the structure group of ¥, can be reduced to a torus. Thus the struc-
ture group of p(¥,,---, V,) is also a torus and is a direct sum of line
bundles of the form & L?j‘l’ . Since p is semipositive, each of the a; ; are
nonnegative.

(vi) Let V|, -, ¥, and W, .-, W, be vector bundles such that
rkV, = rkW,, and let f;: V; — W, be sheaf homomorphisms. If p is
semipositive, there exists a natural map

pUrs s L)V V) = p(W oo W),

In fact it is clear that the existence of the above map characterizes semi-
positive representations.
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3.3. Definition-Proposition. A locally free sheaf V on a scheme X is

semipositive if the following equivalent conditions are satisfied:

(1) Opyoj (1) is nefon Proj, V.

(i) For every map from a proper curve f. C — X every quotient bundle
of 7V has nonnegative degree.

(iii) For every map from a proper curve f: C — X every quotient line
bundle of f*V has nonnegative degree.

(iv) For every map from a proper curve f: C — X and for every ample
line bundle H on C the bundle H® f*V is ample [11].

Proof. Clearly (i) = (iii). If C c P,V is a curve, then &, (1)|C isa
quotient of #"V|C, where 7 is the projection map. Thus (iii) = (i). If
W is a locally free quotient sheaf of f*V over a curve C of rank k,
then the k-fold selfintersection of @, (1) is degW . P.W is a closed

subvariety of PV and we have degW = [P W]nN [QZ’PV(I)]k. Thus if
deg W < 0, then &, (1) is not nef, proving (i) = (ii).

If V satisfies (i), then it is easy to check that &, (1) ® n"H satisfies
Seshadri’s ampleness criterion. Thus (i) = (iv).

A quotient of an ample vector bundle is ample and has positive degree
[11, 2.2 and 2.6]. Now choose H of degree one and conclude that any
line bundle quotient F of f*V has degree at least 1 — deg H = 0. This
shows that (iv) = (iii).

3.4. Corollary. (i) Quotients and extensions of semipositive vector bun-
dles are semipositive.

(ii) Semipositivity is an open condition in flat families.

Proof. (1) follows from 3.3(iii), and (ii) from 3.3(i).

3.5. Proposition. Assume that the V, are semipositive vector bundles
over X, and let p be a semipositive representation as above. Then
p(Vy, -+, V,) is again semipositive.

Proof. We will use this only for direct sums, tensor products, and sym-
metric powers in which cases this is a special case of [11, 5.2 and 6, 3.3].
The proof of the general case can be done along the lines of [11, 6.6] as
follows. By the definition of semipositivity it is sufficient to prove this
when the base is a curve C.

Let E be a semipositive vector bundle over C. If L is a line bundle
and degL > 2g(C)—2, then w,. cannot be a quotient of E® L. Hence
HI(C, E ® L) = 0 which implies that if degL > 2g(C), then EQ L is
generated by global sections. Thus we have a generically surjective map

rk E

1 1

fegr L +---+L  —E,
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If we apply this to the vector bundles V;, then using 3.2(v) and (vi) we
get a generically surjective map

plfs s 1) ZL—bi_,p(Vl,... , V).

Let mindegL™" = —N (g(C), p), and note that N depends only on the
genus of C' and on p but not on the V,. The above map shows that any
quotient of p(V,,---, V,) has degree at least —N .

Assume now that p(V, --- , V,) has a quotient line bundle of degree
e. If p: C' = C is a map of degree d, then pulling everything back by
p we obtain that p(p*V,,---,p*V,) has a quotient of degree de. In
particular de > —N(g(C"), p). If we are in positive characteristic, then
we can use a power of the Frobenius map to get a large degree self-map of
C. Hence de > —N(g(C), p) for d large, and e > 0 as desired.

The characteristic zero case can be reduced to the positive characteristic
case by using 3.4(ii).

3.6. Proposition. Let X be a scheme, and let W be a vector bundle
with typical fiber W, and structure group G — GL(W,). If V, isa G-
invariant subspace of W, , then it defines a subbundle V C W . Assume
that W is semipositive. Then V is also semipositive if one of the following
conditions is satisfied:

(i) G is reductive and the characteristic is zero, or
(A) (ii) W is of the form p(V,,--- , V), where p and the
V. are semipositive and G = X GL, .

Proof. 1In characteristic zero V¥, has a G-invariant complement; thus
V' is a direct summand of W . :

If W is of the form p(V,,---,V,) then V is also of the form
o(Vy,--,V,), where g is a subrepresentation of p. Since p is semi-
positive, the same holds for ¢ by 3.2(i). Thus V is semipositive by 3.5.

3.7. Remarks. (i) It is quite possible that G reductive is sufficient in
any characteristic. Geometric reductivity of G implies that degl > 0,
but I do not know how to get more.

(ii) One can weaken condition 3.6(ii) slightly to the following:

For every proper curve C ¢ X there is a line bundle L

, of degree zero on C such that W ® L is of the form

(&) p(Vy, -+, V,), where p and the V, are semipositive and
G= X GL,{.

This is the form that will be used in §6.
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3.8. Definition. Let X be a scheme and let W be a vector bundle of
rank w with structure group p: G — GL, . Let g: W — Q be a quotient
vector bundle of rank k. Let Gr(w, k)/G denote the set of G-orbits on
the k-dimensional quotients of a w-dimensional vector space. We call the
natural map

ug,: {closed points of X} — Gr(w, k)/G

the classifying map. Note that this is a map of sets and usually it does not
correspond to any algebraic morphism.

We say that the classifying map is finite if

(i) every fiber of u, is finite, and

(ii) for every x € X only finitely many elements of G leave kerg,
invariant.

3.9. Ampleness Lemma. Let X be a proper algebraic space and let
W be a semipositive vector bundle with structure group G. Let Q be a
quotient vector bundle of W . Assume that

(i) W satisfies one of conditions (A) in 3.6 or (A') in 3.7, and
(ii) the classifying map is finite.

Then detQ is ample. In particular X s projective.

3.10. Remarks. (i) This is the statement where we escape geometric
invariant theory. We do not have to assume that the map goes to the sta-
ble points of Gr(n, k)/G. Note however that geometric invariant theory
proves more if it applies: the ampleness of (det Q)" ® (det W) ™€,
This is obviously harder to get than the ampleness of detQ.

(11) In characteristic zero Viehweg [34] proved a version of this state-
ment that works for nonproper X too. He considered the case where W
is a symmetric power of a semipositive vector bundle. He has to impose
a different positivity condition on the ¥}, called “weak positivity”. The

ample line bundle which he obtains is of the form (detQ)? ® (det W)b ,
where a, b > 0. This is somewhat weaker than the ampleness of detQ.
The reason for the difference is that there is no good ampleness criterion
for nonproper varieties, therefore he has to construct sections with bare
hands.

(iil) The idea of the proof in [22, §6] is the following. Assume that
W is a trivial vector bundle. The structure group reduces to the trivial
group and we get a finite morphism from X to a Grassmanian; hence X
is projective.

Here we assume that W is semipositive, so we have more chance to
get ampleness. Technically however this makes things more complicated.
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Thus in [22] the analogous result is proved assuming that W admits a
metric with semipositive curvature form.

Viehweg’s idea [34] is to force triviality by considering the space of uni-
versal bases over X and pulling back everything. Descent is then achieved
by a beautifully simple argument.

In this last step resolution of singularities of maps is heavily used. This
causes some problems in finite characteristics; therefore we haye to proceed
in a different way (see [33], [22]).

The proof will rely on the Nakai-Moishezon criterion which we will
need in a form that is usually not stated.

3.11. Theorem (Nakai-Moishezon criterion [28], [24], and [16]). Let Z
be a proper algebraic space and let H be a line bundle on Z . Then H is
ample on Z iff for every irreducible closed subspace X C Z the dim X-fold
selfintersection of H|X is positive.

Proof. The proof given in [16, IIL.1] works in this context as well.
Alternatively, one can characterize ampleness via Serre vanishing as usual.
Using [19, I11,1.4] the same proof as for algebraic varieties shows that if
p: Z — Z is finite and surjective, then H is ample on Z iff p*H is
ample on Z. By 2.8 we can assume that Z is a scheme. Now one can
use [16, II1.1] to get ampleness on Z .

3.1.2. Proof of 3.9. By 3.11 we can harmlessly normalize X and so
we can assume that X is irreducible. Next we must prove that detQ has
positive selfintersection on any irreducible subvariety. If Z is a subvariety
of X, then all the conditions of 3.9 hold if we restrict everything to Z .
Thus it is sufficient to prove that det O has positive selfintersection on
X. Let Y be a projective scheme and r: ¥ — X be a morphism which
1s birational. We can pull-back everything to Y . This will not change the
selfintersection of det Q, but the classifying map will no longer be finite.
Therefore we need to prove the following:

3.13. Lemma. Let Y be a normal projective variety and let W be a
semipositive vector bundle with structure group G. Let Q be a quotient
vector bundle of W . Assume that

(i) W satisfies one of conditions (A) in 3.6 or (A') in 3.7, and
(ii) there is a nonempty open subset of Y such that the classifying map
restricted to that subset is finite.

Then the self intersection number of det Q is positive.
Proof. Let n =1k W . Define

n times

P=P, W+ - +W").
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Thus P is the projectivized space of matrices whose columns belong to
W . Let n: P— Y be the projection. We have the universal basis map:

n times

Co(~1) + -+ Gp(=1) » W,

or equivalently
n times

et et *
Ot +0, > W),
which sends a matrix to its columns. This map can also be described via
the following isomorphismis:
HP, ' We&,(1) = H(Y, n,(x" W ®F,(1)))
n times
=Y Wo(W +..-+W").

Let D C P be the divisor of matrices of determinant zero. The univer-
sal basis map is surjective outside D and gives a global trivialization of
TW|P-D.

Let W_ be a typical fiber of W . The (noncanonical) G-action p: G —
GL(W,) induces a G-action

n times
PG AuP (W +---+W).

Let P, Cc P(W,+---+ W) be a general orbit. P, is isomorphic to
G/kerp. The G-structure transports the closure of P_ around; this way
we obtain P C P. Thus P is a locally trivial fiber bundle over ¥ whose
fiber is the closure of a projective G-orbit. Let p: P — Y be the restriction
of 7. We denote D NP again by D.

We can compose the restriction of the universal basis map with p*g to
obtain:

Uget S0 — 0" W ®Gp(1) = 0" Q@ Gp(1).
1

This map is surjective over P—D.
For k =rk Q we take the k th exterior power of U, . This gives

k
U: Zﬁp —p (/\ W) ® Gp(k) — p"(det Q) ® Gp(k),

which is again surjective outside D. We expressed p*(detQ) ® Op(k) as
the quotient of a trivial bundle of rank (7). This gives a rational map

k
u:P——»Gr(n,k)cIP(/\W) ,

which is a morphism on P—D.
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By construction this map is obtained by lifting the classifying map

Ug,: X — Gr(n, k)/G to upt: P~ D — Gr(n, k) and composing upr

with the Pliicker embedding, '

Given any G-orbit T in Gr(n, k) there are only finitely many x € X
such that P_ is mapped to T by 3.8(i). On any given P_ the map u has
finite fibers by 3.8(ii). In particular u is quasifinite on a suitable open
subset of P.

The map u need not be a morphism since the image of U need not be
locally free. To remedy this we blow up the ideal sheaf of the image of U
to obtain g: P’ — P. Now u extends to a morphism u': P’ — IP’(/\"c wy.
Thus there is an effective divisor E ¢ P’ such that

g7 (p" det Q ® F,p(k)) = u" G, (1) ® G, (E).

Now let H be an ample divisor on Y. Since ' is generically finite,
the line bundle ¥, (1) is big on P’'. Thus there is a positive integer

m such that we have a nontrivial section of 4”@, (m)® g'p*H™' and
hence a nontrivial section

0: G — g ((p"detQ G (k)" @p H ).
Pushing this down to Y we get a nonzero map
(gop),0: 8, — (det Q)" @ H ' ® p,Bp(mk).
We can rearrange this to give a map
1: (p,0(mk))" ® H — (det Q)™.

By construction,

n
7,8, (mk) = §™ (Z W*) .
1
If m is sufficiently large, then the natural map
n,0p(mk) — p,Op(mk)
is surjective. Thus we get a subbundle
(p,Op(mk))" — (7,8(mk))".

-By construction it is also a G-subbundle. (n*ﬁp(mk))* is semipositive by
3.5 and 3.2(ii), therefore (p*ﬁl,(mk))"= is also semipositive by 3.6.

If we blow up the image sheaf of 7, then we get a birational map
s:Y' — Y such that

s (det Q)" = s"H @ Gy (N) ® Gy (F),
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where F is effective, and &,.(N) is a quotient of s*(p,&,p(mk))"; in
particular it is semipositive by 3.4(i).
Now we can compute the selfintersection using the following formula:

(det@)®™)" = (H+ N+ F)"

l . .
—HY+ Y H ™ H+N+ )V (N +F),

i=1

where ¢ = dimY, and @ denotes d-fold selfintersection. Note that
H + N + F is nef since it is numerically equivalent to m - ¢,(Q), the
first term is positive since H is the pull-back of an ample divisor by a
birational morphism, and the sum is nonnegative since H + N + F and
N are nef, and F is effective.

This proves 3.13 and also 3.9.

4. Semipositivity results

In this section we check various semipositivity results that are needed
in order to apply 2.6. Before we do this we need a technical result about
partial resolutions that do not affect the normal crossing locus of a variety.

4.1. Definition. (i) An algebraic variety (or an algebraic space) X is
called semismooth if all of its closed points are analytically isomorphic to
one of the following:

a smooth point;
a double normal crossing point: x,x, =0 € A" or
a pinch point: xl2 - x22x3 =0ecA”.

In this case the singular locus is smooth, and we will call it the double
divisor of X .

(ii)) Let Y be a pure dimensional algebraic variety (or an algebraic
space) such that outside a codimension-two set Z it has only smooth
points or double normal crossing points (we will say that X is semismooth
in codimension one). A proper map f: X — Y is called a semiresolution
if X is semismooth, f is an isomorphism in codimension one on Y, and
every component of the double divisor of X maps birationally onto the
closure of a component of the double divisor of X — Z .

4.2 Proposition [31, 1.4.3). (i) Let Y be a two-dimensional algebraic
space over any field which is semismooth in codimension one. Then Y has
a semiresolution.
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(ii) Let Y be a pure dimensional algebraic variety over a field of char-
acteristic zero which is semismooth in codimension one. Then Y has a
semiresolution f: X — Y. (In our construction X will be an algebraic
space even though Y is a variety.) :

Proof. The two-dimensional case is treated in [31].

(ii) can be done as follows. By Hironaka [12] we can perform a series
of blow-ups centered in the locus where the multiplicity is at least three
to obtain g: Y, — Y such that Y, has double points only as singularities
and that D/, the double point locus of Y, is smooth. Let Y, — Y, be
the normalization map and let D, be the preimage of D, . This gives a
natural involution T on D,. Easy local computation shows that D, is a
Cartier divisor. Now perform a series of permissible blow-ups to resolve
the singularities of D, in a t-equivariant way. This gives us Y; and D,,
and D, is a smooth Cartier divisor. Thus Y; is smooth along D,. Now
we can resolve the singularities of Y, to get Y, which still contains D, .
The fixed-point set of 7 is smooth on D, . If we blow it up, then we get
a Y, and D,, and the fixed-point set of 7 on D, has codimension one.
Now we can pinch together D, in Y, via 7 [4, 6.1] to get an algebraic
space X . It is smooth outside the image of D,, has normal crossing
points at the image of the nonfixed points of t, and has pinch points at
the images of t-fixed points. Clearly X is a semiresolution of Y .

The next statement is the first semipositivity result.

4.3. Theorem. Let S be a complete Cohen-Macaulay surface over a
field. Assume that S is Gorenstein outside finitely many points. Let .S —
C be a surjective map onto a smooth curve C. If the general fiber of f
has only nodes as singularities, then f*(w[Sk/]C) is semipositive for k > 2.

4.4. Remarks. (i) In characteristic zero this holds even for k = 1.
The proof of 4.10 works with minor simplifications.

(ii) Ekedahl pointed out to me that for k¥ = 1 the above result is false
in positive characteristic. An example was given by Moret-Bailly [25, 3.2]
(with S smooth and f generically smooth). This is interesting since in
characteristic zero the & = 1 case is the usual starting point.

Proof If g: S — S is a semiresolution, then there is a natural injec-
tion g*(wg‘,]/ c) =~ wgk/lc which is an isomorphism along the general fiber.
Thus it is sufficient to prove the result for semismooth surfaces. If a dou-
ble curve of § maps to a point in C, then we can blow it up. Since
the relative dualizing sheaf commutes with base change, we can prove the
result after some base change. Thus we can also assume that the genus of
C is at least two, that the double curves of S are sections, and that they
split into two components under the normalization of §S'.
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The following is the most important part of the proof. It can be viewed
as a generalization of some results of Arakelov [2] and Szpiro [32]. In
characteristic zero it is a special case of a result of Kawamata [14].

4.5. Proposition. Let S be a smooth surface and let f: 5 — C be a
surjective map onto a smooth curve C . If the general fiber of [ is smooth
of genus at least two, then f*(wg‘/]c) is semipositive for k > 2.

Proof. As before we can assume that the genus of C is at least two.
Thus S is of general type and we can assume that it is minimal. Using
standard reduction mod p techniques (see e.g. [32]), it is sufficient to
prove the claim for positive characteristic. Assuming that the statement is
false, there is a negative quotient ]ﬂ(w[sk/]c) - M. Using base change

by the Frobenius map F: C — C we can assume that in fact f*(w[Sk/]C)

has a quotient of very negative degree. In particular, we may assume that

M= a)lé_1 ® L, where L is very ample. Therefore we have a map

k k

P ®M®f*(w[s/]c) —w,,
which in turn implies that

1 k k

H'(C, wf @ Mo f,(05))) #0.
By looking at the Leray spectral sequence for f, this implies that
H'(S, 0§® f L) #0.

By the main result of Ekedahl [9] this is impossible if k& > 2 except in
characteristic two, where this space is at most one-dimensional. The same
technique can be used to make H " as large as we want. Thus we are done
even in characteristic 2.

4.6. Corollary (Arakelov, Szpiro, Raynaud [32, p. 56]). Assume the
notation is as in 4.5 and that there are no —1 curves in the fibers of f .
Then Wg/c IS nef.

Proof. Assume that D C § is an irreducible curve such that wg /C has
negative degree on D. D cannot be contained in a fiber. If we have
—2 curves in the fibers, then they can be contracted, ¢: S — S, and
Wy is nef iff wg /C is nef. Thus we may assume that wg e is f-ample.
Let h: D' — D be the normalization of D and let g: D' — C be the
natural map. For large k, R 1, (wg/(,(—D)) = 0, and therefore we have
a surjective map )

* & * <
g (flwge)) = b ag.,
which contradicts semipositivity.
The next result is a kind of “log-generalisation” of 4.5.
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4.7. Proposition. Let S — C be a map from a smooth complete surface
to a smooth curve. Assume that the general fiber of f is smooth. Let C;
be a set of distinct sections of f. Then f*(a)g /C(E a,C;)) is semipositive
provided that k > 2 and a; < k for every i.

Proof. Let g: S’ — S be a blow-up and let C; be the proper transform
of C,. Then f,(w (¥ a;,C})) is a subsheaf of f(05,c(Ta,C)), and
the two agree generically. Therefore it is sufficient to prove the claim after
some blow-ups, and we may assume that the C; are disjoint.

We prove the claim by induction on ) a;. If the general fiber of f
has genus at least two, then 4.5 settles the case when @, = 0. Assume that
the general fiber is smooth elliptic. In this case Wg/c is nef by using {7,
p. 27] and Igusa’s inequality x(&,) > 0 [13]. If the general fiber is smooth
rational and } a4, < 2k — 1, then f*(a)g/C(E a,C,)) is zero and we are
done. There can be only one section with positive selfintersection by the
Hodge index theorem; let this be C,. Let Dy =a,C,+ 3, b, C[ , where
b,<a; and ay+ 3, (b, =2k~ 1. Then f*(a)g/C(DO)) is zero and hence
semipositive. Starting with these cases we will add one section at a time
and prove semipositivity step by step.

If the result is already proved for a sum of sections 'D i1 then pick
another section C, and let D ;= D it C,. Assume first that the general
fiber of f has genus at least one. Even though S need not be minimal,
4.6 implies that wg i C, > 0. We claim that the same holds for rational
general fiber. By adjunction, wS/c(C:)|C¢ ~ @’q . Therefore Wgc - C =
-C,-C, 20 since C, # (.

Now consider the exact sequence

k k k
0— a)S/C(Dj—l) — a)S/C(Dj) - a)S/C(Dj)|CC — 0.
If p is the coefficient of C, in D, , then w§,(D,)|C, = w§;2|C,, and so
it has positive degree. Since R' f*wgf/C(D ;1) =0 for k > 2, we get that

f*(a)’;/C(E a,C;)) is successive extension of f*(a)g/c) and the bundles

c
The result remains true if instead of assuming that the C; are sections

we require that the natural maps C, — C be separable. It is probably
false in the inseparable case.

4.8. Proofof4.3. As we noted before, we are reduced to the case where
S is semismooth and D, the double curve of S, consists of sections of
f:8— C.If g: S — S is the normalization and D’ is the preimage of
D, then we can also assume that each component of D’ is again a section.

j:(a)gf/_p |C,). All these are semipositive and therefore we are done.



PROJECTIVITY OF COMPLETE MODULI 255

Assume first that the general fiber has a component which is a smooth
rational curve that intersects the rest in one point only. Let S| denote
the surface which we obtain by throwing away the component containing
that rational curve. Let G be the section corresponding to the removed
component on §,. Then f*(wg/c) = L(wgl/c((k - 1)G)). Thus it is
sufficient to prove that the latter is semipositive.

Next assume that the general fiber has a component which is a smooth
rational curve that intersects the rest in two points only. Let S| denote
the surface which we obtain by throwing away the component containing
that rational curve and glueing together the remaining surface along the
two sections corresponding to the removed component. Then f*(wg/c) =

f@50)-

If S has a component T such that the general fiber of 7/C is a nodal
rational curve, then let 7' be the normalization of T and let D be the
preimage of the double curve. Then f*(w/;/c) = f*(w/;, ,c(kD)); thus
f*(wl} N is semipositive by 4.7.

Therefore 4.3 follows if we prove the following:

4.9. Proposition. Let S be a semismooth surface and let f: S — C .
be a surjective map. Assume that the general fiber of f is a stable curve
(hence with at most nodes). If D is the double curve of S, assume that it
consists of sections of f:S — C. If g: §' — S is the normalization and
D' is the preimage of D, then assume further that each component of D’
is again a section. Let G be any union of some disjoint sections that do
not meet D. Then j;(wg/c((k — 1)G)) is semipositive.

Proof. By 4.7 we know that (f o g),(@y,c((k — 1)(G + D)) is semi-
positive.

Now observe that g*a)s/c = g /C(D') , and that we have an exact
sequence

0— g*(wsl/c((k - 1HG)) — wS/C((k - 1)G) —» wgc|D =G, — 0.

Tensoring the latter with w’;/_cl and using the projection formula, we get
the following sequence:

0 - g,05,c((k =)D +G) — wg,c((k - 1)G) — &, 0.

Taking into account that R'(fog),wk (k=)D +G)) =0 for k >2,
this gives the sequence

0= (f08),0,c((k = DD +G)) = f,w5,c((k — 1)G) — £,8, — 0.
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f.@, is isomorphic to the sum of several copies of &., therefore
* D

f*(wg/c((k — 1)G)) is semipositive for k£ > 2. This completes the proof
of 4.9 and therefore also the proof of 4.3.

The proof of the next result goes pretty much along the lines developed
by Fujita [10] and Viehweg [33]. They always treated smooth varieties
whereas we need to consider nonnormal varieties with semi-log-canonical
singularities. The basic philosophy states that this should not make too
much difference; in fact one could expect all the relevant proofs to go
- through without change. In our case this indeed happens. However, this
is not always true. The very important result of [33, 1,5.4] fails to hold
even for families of curves with nodes.

4.10. Definition [23, 4.17]). A singularity (S, S) is called semi-log-
canonical if the following conditions are satisfied: '

(1) (s, S) is Cohen-Macaulay;
(i1) " (s, S) is semismooth in codimension one;
(iii) wgk] is locally free for some k > 0;
(iv) if f: X — § is a semiresolution with exceptional divisors C; and
w];, = f*(wgk] ® (3 a,C,)), then a, > ~k for every i.

We will be mainly interested in the surface case where a complete clas-
sification is known:

4.11. Proposition [15], [23, 4.24]. The semi-log-canonical surface sin-
gularities are the following:

semismooth points,

DuVal singularities,

simple elliptic singularities,

cusps and degenerate cusps,

quotients of the above by certain cyclic group actions.

4.12. Theorem. Let Z be a complete variety over a field of charac-
teristic zero. Assume that Z satisfies Serre’s condition S, and that it is
Gorenstein in codimension one. Let f: Z — C be a map onto a smooth
curve. Assume that the general fiber of f has only semi-log-canonical sin-
gularities, and further that w of the general fiber is ample. Then f*(w’; /C)
is semipositive for every k > 1.

The proof will be done in three steps.

4.13. Lemma. Let Z be a complete semismooth variety over a field of
characteristic zero, and let f: Z — C be a surjective map. Assume that
the double locus is flat over C. Then f, (w, /C) is semipositive.
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Proof Let D be the double locus of Z. Let g: Z' — Z be the nor-
malization and let D’ be the preimage of D. We have an exact sequence

0= 8.0z )0 = Wz = OzclD — 0.

This gives a long exact sequence
5 pl
0— (fo g)*wz’/c - f,.,(wz/c) - f*(wz/dD) — R (fo g)*wz‘/c'

By Fujita [10] (fog),w /C is semipositive. Therefore we are done if we
can prove that the kernel of the map

5 pl
f*(wz/ch) — R (fo g)*wz’/c
is semipositive. To show this note that
g (05,cID) = (& Wy )ID' = @y (DD = wpy .

Therefore f, (w;,c|D) is a direct summand of fw, . and & factors
through the natural map

8" (fo 8).wpyc = R (fo8),07c.

By [21, 2.6] the sheaves (f o g)*wD,/C and Rl(fo 8), Wz are deter-
mined by some variations of Hodge structures, and the connecting map &
is induced by a map between these variations of Hodge structures. There-
fore the kernel of § is a direct summand of f,(w,|D). The latter is
semipositive as before; hence any of its direct summands are semipositive.
This proves 4.13.

4.14. Proof of 4.12 for k = 1. Here we do not need the ampleness
assumption. We take a minimal semiresolution (see [23, 4.9]) Zg'en of
the general fiber Zoen of f. This extends to a semiresolution over the
preimage of an open set in C . We complete this somehow and then take
a semiresolution of this space to get g: X — Z . As earlier we may assume
that the double locus of X is flat over C.
~ If z is a point of the general fiber of f which is not semirational, then
it is a Gorenstein point (cf. e.g.[23, 4.24]). If Epn denotes the reduced
preimage of z in Zg’(m , then Ege , is a divisor with normal crossings only,
and in a neighborhood of Egen the pull-back of a)Zgcn equals ng’m (E
We can take the closure E of E,., in X . By further blowing up in some
fibers we may assume that £ is a Cartier divisor. By our construction the
natural map g, (w X/C(E)) — Wgzc is an isomorphism over the general
fiber. Furthermore, the short exact sequence

gen) ‘

0—wyc— wX/C(E) = Wy = 0
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gives rise to a long exact sequence
5l
0= (fog).wyc = (f08), Wy (E) = (fog).wpc — R (fog). 0y

Again we know that (fog)*(a)X/C) and (fo g)*(a)E/C) are semipositive.
As in the proof of 4.13 the kernel of J is a direct summand and thus
semipositive. This completes the proof of the special case k = 1.

Before completing the proof we need the following:

4.15. Lemma. Let Y be a variety with semi-log-canonical singularities.
Assume that w[}’f] is very ample. For a general section ¢ of w[}’f] take a
k th root of o . Then the resulting variety Y' again has semi-log-canonical
singularities.

Proof. This can be proved in the same way as [29, 1.7 and 1.13].

4.16. Proof of 4.12. This will be done very much along the lines of
[33]. As before we can assume that the nonnormal locus of Z is flat over
C.

Let us fix £ such that on the general fiber o' is Cartier and very
ample. Fix an ample line bundle # on C. Then f,‘(a)g‘/]c)chkS*1 is
semipositive if s is sufficiently large. We fix one such s. This implies
that

k]

k k k ks—1
S"(fu(y)e) ® H) = S"(f. (o)) @ H* ) @ H”
is generated by global sections if m > 2 - (genus of C). The natural map

* k k * o5 [k
I (fiog)e® H) = (g0 0 fTH)

is surjective over the general fiber. By blowing up away from the general
fiber we may assume that its image M is locally free and then we have

(@@ HY =Moo E),

where FE is a effective Cartier divisor supported in some fibers of f .

By construction M is generated by global sections. We pick one sufhi-
ciently general; its zero locus is denoted by T . If we take the k th roots of
T + E, then we get a variety Z' and a cyclic covering map p: Z' — Z..
(We emphasize that Z' is the nonnormalized cover.) Next we claim that

X iJ\[1
Py 2 Y (W0 ® (g0 fH)H,

1l

(The [1] of course just denotes double dual.)

Indeed, by easy general results this holds over the locus where every-
thing is Cartier, i.e., in codimension one in our case. Since both sides are
reflexive, the isomorphism is automatic from this.

—

Il
<
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By 4.14 and 4.15 we know that (fop), w, /C is semipositive, hence so
are its direct summands. Therefore we know that

l(@ge® (g0 ® THY N = £ (@) 0 B

is semipositive. _
If we pick the smallest possible value for s such that f*(wg‘/lc) QH*!
is semipositive, then the above yields a contradiction unless s < k. Thus

2 . 2
we obtain that f*(wg/]c) ® H* and also f*(w[é]/c) ® H* for Jj <k are

always semipositive. We can choose H to have degree one, and therefore

we see that any quotient line bundle of f*(w[Z’]/C) for j < k has degree at

least —k°. This implies that there cannot be any negative quotients at all
since a suitable base change ¢: C " — C produces a more negative quotient
of f,‘(w[z’]>< c /c) . This completes the proof of 4.12,

C

5. Projectivity of certain moduli spaces

In this section we put together the previous results to give.a new proof
of the projectivity of the moduli space of stable curves over Z and to
investigate the moduli space of surfaces of general type.

5.1. Theorem [171, [18], [26). Let .# < be the moduli space of stable

curves of genus g > 2 over L. Then 7/7g is projective over Z.

Proof. First we have to check the existence as an algebraic space. Be-
ing a stable curve is an open condition. Boundedness holds since w3c is
very ample. Completeness and separatedness follow from the stable re-
duction theorem [8], [5]. The automorphism group is finite and reduced
since' H 0(TC) = 0. The relative dualizing sheaf provides a functorial po-
‘larization which is semipositive by 4.3. Thus 7 is projective over any
field.

The image of the three canonical map is a curve of degree 6g—6, thus it
is defined by equations of degree at most 6g—6. Hence 4 g—18 is ample.
Using a little more about curves we know that the three-canonical images-
are defined by quadratic equations, thus in fact already 4, is ample.

To show projectivity over Z we need to remark that the Q-line bundles
A, €xist over M g Thus A, is relatively ample over Z. This completes
the proof. '

For surfaces, first we have to make pre015e the moduli problem which
we are considering.
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5.2. Definition. (i) A stable surface is a proper two-dimensional re-
duced scheme § over a field of characteristic zero such that .S has only
semi-log-canonical singularities (4.10-4.11), and a)gd is locally free and
ample for some k > 0.

(ii) A family of stable surfaces over a scheme Y is a proper flat scheme
X/Y such that:

(a) every fiber is a stable surface,
(b) for every closed pomt y €Y and every k >0 we have a natural

isomorphism a)X/YlX = (wX/YIX )[k]

5.3. Remarks. (i) This notion of stability has nothing to do with geo-
metric invariant theory. In fact, stable surfaces are frequently asymptoti-
cally unstable in the sense of [26] with respect to the canonical line bundle
(see e.g. [30, p. 37]).

(i1) The second condition on the families can be explained as follows.
First, since wg is usually too small we also need its powers to be flat over
any base. This is exactly the condition. Also, without it separatedness of
the moduli space would fail.

5.4. Definition.. (i) Given a rational number K* and an integer y,
let A K.y be the functor that associates to a scheme Y the families of

stable surfaces where every closed fiber S, satisfies wg - wg = K? and
%(@ ) = x . Here of course we define 4 '

We W = Lcu[k] o
S_v S_v k S Sy ’

1 §s locally free, k¥ > 0, and “-” denotes the intersection prod-

where Ws
uct.

This makes good sense since the numbers wWg - Wg and X(ﬁs,) are
deformation invariant. J J J

(ii) A stable surface S is called smoorhable if there is a one-parameter
family of stable surfaces such that the central fiber is S and the general
fiber has only | DuVal singularities. (This is clearly a closed condition.)

(iii) Let be the subfunctor of .# x? ., Wwhere all the fibers are
smoothable stable surfaces.

5.5. Proposition [23, Chapter 5]. The functor %’ 2, IS coarsely repre-
sented by a separated algebraic space locally of ﬁnlte type. It also satisfies
the valuative criterion of properness.

5.6. Corollary. If for some K> and some y the functor A X L IS
bounded, then it is coarsely represented by a projective algebraic scheme.

Proof. The canonical polarization is semipositive by 4.12.
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6. Compactified Picard schemes

If X is a singular projective variety then its Picard scheme is in general
not compact. Considerable attention was given to its compactifications,
especially in the case of curves. In the general case a geometrically mean-
ingful compactification was described by Altman and Kleiman [1]. They
proved that this compactification is a proper scheme; however the question
of projectivity remains open. Here we will study this question.

6.1. Definition. (i) Let X be a proper scheme and let L be an ample
line bundle. The Hilbert polynomial of a sheaf F is the polynomial

H()=x(X, F®L).
(ii) Let X/S be a flat relatively projective scheme with a relatively ample

line bundle L. For a polynomial H(¢) we define the relative compactified
Picard functor ?’;ﬁ/ g as follows:

F is a sheaf over X x, Z flat over Z such that for
every z € Z F|X xg {z)} is torsion free or rank one

3‘7; s(Z/8) = with Hilbert polynomial H; modulo the equivalence
relation F ~ F ® n* M where M is a line bundle on
Z and n: X x¢ Z — Z is the natural projection.

6.2. Theorem (Altman-Kleiman [1]). Assume that X/S is projective,
flat, and has geometrically integral fibers. Let L be a relatively ample line
bundle and let H be a polynomial. Then %ﬁ/s is coarsely represented

by a proper and separated scheme %; Py

6.3. Remark. In their first paper [1, 1,7.9], they prove that ?’/_ag/s
exists as an algebraic space. We will not need that it is a scheme.

6.4. Theorem. Let X/S, H, and L be as in 6.2. Assume furthermore
that S is of finite type. Then %ﬁ/s is projective over S'.

Proof. We can obviously assume that S is connected, in particular
various numerical invariants will be constant over S. We will use this
without mentioning it again.

Again we try to apply the Ampleness Lemma. To do this we have to
come up with a vector bundle on %ﬁ /s - Assume for a moment that there

: . ) ZoH T H
exists a universal sheaf F over f: X xg ey ¢ — Fery s Then we can
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try to use f, F . This might not be a vector bundle but the main problem is
that the universal sheaf is not unique. If M is any line bundle on %ﬁ({ /s>
then F ® f*M is also a universal sheaf. Thus we have to find a way to
rigidify F. The approach of [1, II,1.2] is the following, Assume that f
has a section s: %ﬁ({/ s — X Xg %ﬁ({/ ¢ such that F is locally free along

the image of 5. Then we can replace F by F® (s'F )_l , 1.e., we take
the unique universal sheaf which is trivial along s. Unfortunately such
a section almost never exists globally, and different sections give different
rigidification, thus patching is a problem. We will go around this obstacle
using the following.

6.5. Proposition. Assume the notation used above. Let n = dim X/S.
Let g: U — %ﬁ/s be a morphism. Assume that a universal sheaf F
exists over U xg X and that L is relatively very ample over U x4 X . Let
Ly,---, L, CUXxgX be the zero sets of n sections t;: Gy, y — L.
Assume the following:

(i) f:Lyn---nL, — U is finite and étale,
(i) F is locally free along L, n---NL,,

(iii) Rf(F®L™)=0 for i>0 and 0< j<n.

Then det f (F|L,N---NL,) is independent of the choice of the L, and
will be denoted by N(F, L). If M is a line bundle on U, then

N(F,Le f"M)=N(F,L oM,
where d is the selfintersection number of L on the fibers.
Proof. Using the sections ti_lz L™! - # we can build the Koszul
complex:

0— (Z)F@L‘” o (’11)F®L_1 - (g)F®LO — F|L,n---NL, — 0.

This complex is exact since F is locally free along L, n---NL,. By
assumption (iii) it stays exact if we apply f, . Thus

n ifn
det £,(FIL,N---NL,) = [[idet £,(F o L)V,
i=0
which clearly shows independence of the choice of the L,. The last claim
follows from the observation that f (F|L, N---NL,) is a vector bundle
of rank d.
6.6. Notation. To formulate our next result we need some notation.
Assume that we are given g: Y — %QI/S and a section 5: Y/S — ¥ x X

such that for every y € ¥ the sheaf F,,, 1s locally free at s(y) € X, ;.
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Then there is a universal sheaf F, on Y x X by[1,1I, 1.6]. Let f,: ¥ xg
X — Y be the projection. For large k the sheaf F)', =F, ® L* satisfies
the conditions of 6.5 locally on Y . Thus locally on Y we can construct
the vector bundles f, (F, ® L* ) and N(F, ® L*, L). By 6.5 these glue
together to global vector bundles

6.7. Proposition. We use the notation and assumptions as in 6.4, 6.5,
and 6.6. Then for every k > 0 and m > 0 there is a vector bundle
Wik, m) on %ﬁ,{/g with the following property:

For every Y as above there is a canonical isomorphism

[ (Fy@ L@ (fye(Fy @ L) o N(F, 0 LY, L)

= "Wk, m).

Proof. First we construct W{k, m) locally. Any point of %;{/s has
an open neighborhood U such that over U there is an étale section
g:Y/U — U x4 X such that the conditions of 6.7 are satisfied. Thus
there is a universal sheaf over Y x X, and so we have the vector bundle

fy (F ®L1\+m)®((fy F.QL ))®d—l ®N(Fy®Lk, L)—l,

which is independent of the choice of F. Indeed, if F is replaced by
F® f*M where M is a line bundle on Y, then the first factor changes
by M, the second by M , and the third by M ~? _ Thus the product
is unchanged and can be descended to a bundle on U . Because of the
unicity we can then patch them together to a single W(k, m).

6.8. Proposition. The above W (k , m) is seminegative, i.e., W(k, m)”
is semipositive on every fiber of %i{/ $/S.

Proof. Pick any s € § and let X be the corresponding variety. Pick

a complete smooth curve C mapping to the fiber of %;{/5 over s. For
every ¢ € C there is the corresponding rank one sheaf F, on X x{c}. Let
Vc X, be the smooth locus. Then F, islocally free on V in codlmensmn
one, and there is a point x € X such that F, is locally free at x for every
c . This point gives a section s: C — C x X, which satisfies the conditions
of 6.6. Thus there is a universal sheaf F on C x X_.

Now let us look at the definition of N(F, L). The subscheme L N---N
L, consists of finitely many disjoint trivial sections of C x X . We can
rigidify F such that s F = &, . If t is any other section such that F is
locally free along the image of ¢, then ¢"F is algebraically equivalent to
s'F (X, is integral, hence irreducible). Thus N(F, L) is a degree zero
line bundle on C. ‘

Therefore it is sufficient to prove that f,(F ® L) is seminegative. For
some large r consider the rth order infinitesimal neighborhood s(C),
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of s(C). Since F ®Lj|s(C) is trivial and £, (s(C),) is a trivial vector
bundle, f,(F ® L’|s(C),) is an extension of several copies of &.. For r
large, f,(F ® L’) injects into f,(F ® L’|s(C) ). Thus any subbundle of
f.(F®L’) is a subbundle of f,(F ® L’|s(C),), hence it has nonpositive
degree. Therefore any quotient bundle of (f,(F ® L’))* has nonnegative
degree. This is what we wanted to show.

6.9. Corollary. W (k, m)* satisfies condition (A') from 3.7.

Proof. We just showed that up to a degree zero line bundle W (k, m)|C
is isomorphic to

k ky\®d—1
Sy (Fy @ L)@ ((fy-Fy ® L),
where Y = C x X_. Each of these factors is seminegative and the tensor
product is semipositive.

6.10. Proof of 6.4. By replacing L with a large tensor power we may
assume that R’ ﬁ(LJ) =0 for i >0 and j > 0. This is possible since S
is of finite type.

Choose k such that

(i) Rf(F®L)=0for i>0and j>k—n,and
(i) ff(f,(F®L'))— F®L’ issurjective for j > k.
By (i) W (j, m) is a vector bundle for j > k. Now let
K =kerlf" (f.(F® L") = Fo L',
and choose m such that f*(f, (K®Lj)) — K®L’ is surjective for j > m.
We can consider the multiplication map
mult: W(k, 0)® f.(L") = W(k, m).
At a point p € %ﬁ/s where the corresponding sheaf is Fp /X » this map
is (up to a multiplicative constant)
HX,, F,e L')o H(X,, L") — H'(X,, F,® L*")]
®H(X,, F,® L),
Note that
ker[H°(X,, F, @ L") ® H'(X,, L") —» H°(X,, F,® L"™)]
0 0 k k
=H (X, ker[#y ® H (X,, F,®@ L")~ F,®L ] L™).
Therefore by the choice of £k and m we can recover
0 k k
ker[ﬁXp ®H (X,, F,L")— F,®L"]

from the multiplication map. Thus we can also recover F, itself.
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Now we only need to apply the Ampleness Lemma 3.9. We choose any
%}I /s Xs {s} and want to show that it is projective. For the semipositive
vector bundle W we choose (W (k, 0)®f.(L™))". Since f,(L™) isa triv-
ial bundle, W is semipositive by 6.8 and satisfies condition (A') by 6.9.
For the quotient bundle @ we choose the dual of the kernel of mult. As
we just showed, F, can be recovered from the kernel of the multiplication
map, thus the classifying map is finite. Now 3.9 implies that

det(ker[W (k) ® f,(L™) — W (k + m)]")

is relatively ample on %;1/ s/S . This was to be proved.

6.11. Remark. In the proof we used that S is of finite type only to
ensure that for some fixed k the line bundle L* is relatively very ample
(see [1,1,3.4] for the remaining assertions). It is expected that the choice
of such a & is always possible. For surfaces this was proved in [20, 2.1.2].

Although not necessary for our considerations, it is frequently very con-
venient to have a universal family. The following result states that a uni-
versal family exists locally in the étale topology on S'.

6.12. Theorem. Assume that X/S is projective, flat, and has geometrz-
cally integral fibers, and that there is a section ¢:S — X such that X/S
is smooth along o(S) (this is always the case if S is a point or the spec-
trum of a Henselian local ring). Then there exists a universal family over
X % Picy /s

Proof. The idea is the same as in [1, IL,1.2]: we rigidify the functor
by trivializing along ¢ . Unfortunately, the universal family will not be
locally free along ¢, thus it is not clear how to trivialize. This will be
taken care of by the following:

6.13. Lemma. Let f: X — § be smooth and let F be a sheaf on X,
flat over S. Assume that for every s € S the restriction F|X_ is torsion
free of rank one. Then the double dual of F is locally free.

Proof. The question is local on X so we may assume that X and S
are local and complete. Let 0 € S be the closed point. If the fiber has
dimension one, then F itself is free. Now assume that the dimension of
the fibers is two. We will prove that there is a map F — &, which is an
isomorphism in codimension two. This will imply that F** is free.

If I is an ideal of &g of finite colength, then let R, = &y /( D) and
X, = Spec@,/(f"I). Similarly let F, = F/[(f*])-F]. If m is the
maximal ideal, then F, is a rank one torsion free sheaf on a smooth
surface; thus it has a free resolution of the form

0_)Rn LRM—I 4, F =0

m m
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for some integer n. If we have a resolution like this for some 7/ and
I 5 J, then by flatness of F this resolution has a lifting as follows:

0 R} 2, R Y F » 0
p n+1 q
0 R, 2 RN L F, 0

where the vertical maps are the natural quotient maps. The map p; is

given by an n x (n+ 1) matrix 4,. We can define a map r,: Rﬁ“ — R,

given by the n x n cofactors of 4, . The sequence

Ry 2 K" R,
is exact; thus r, factors through ¢, to get amap i;: F, — R, . Further-
more from the construction it is clear that i, is an extension of i,, so
that we obtain a map i: F — &, which.is an isomorphism in codimension
one. This is what we wanted.

Now assume that the dimension of the fiber is at least three. By the
above discussion F*" is locally free outside a codimension three subset
Z . We claim that this in fact implies that it is locally free. To see this
we can localize at a general point of X, N Z. Thus we can assume that
F*|X . is locally free outside the closed point x .

Forevery I, F™ QR ; is locally free outside the origin. We can compute
the Picard group of X, — {x} as follows. Let J be an ideal of & such
that J/I has length one. By flatness we get the following exact sequence:

Gy = Gl D) = (Gl fI),
where * denotes the group of units. This gives rise to
H'(X, = {x}, 8y ) > H (X, ~{x}, (G /S D))

— H' (X, = {x}, @/ f"I)).

From the local-global cohomology exact sequence we get that
H'(X,, - {x}, & ) = Hy(X,,, By ) =0,
since X, is smooth of dimension at least three. Thus
H' (X, —{x}, (&/fD") £ H' (X, — {x}, 5 ) =0,

which shows that F** is locally free on any infinitesimal neighborhood of
X, . Therefore it is locally free.
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6.14. Proof of 6.11. The section ¢ induces a section ﬁ,\'/s — X Xg

Z X/s which we also denote by ¢. By {L,II,1.6] there is an open cover

{U;} of %X/S such that a universal family F, exists over U,. If o,
denotes the restriction of ¢ to U,, then let
c %, % sk — 1|
F =F,®n (g, (F, ")) .

1

By construction we have a canonical isomorphism o ((F;)*") = &, .

Therefore we can patch together the sheaves Ff to a single sheaf F°.

This is the unique universal sheaf such that o™ ((F°)™™) = = .
%2 x5
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